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A Hartree-Fock—-Roothaan analogon using the
principle of variance minimization

II. Test of the iteration procedure

Gerhard Pauli and Heinz Kleindienst

Institut fiir Physikalische Chemie I der Universitit Diisseldorf, Universitétsstr. 1, D-4000
Diisseldorf 1, Federal Republic of Germany

The variance-minimizing Roothaan-like equation derived in a preceding paper
[1] gives rise to a double iteration procedure. The procedure is tested by
application on some simple atomic systems, using Slater-type basis functions.
The integrals needed for atomic systems and Slater-type basis functions are
solved.
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1. Discussion of the procedure

In a preceding paper [1] we showed that Variance Minimization [2, 3], for an
ansatz of the wavefunction ¥ as a Slater determinant, leads to a Roothaan-like
matrix equation

Qc;=x; - S¢; (1)
determining the coefficient vectors ¢; of a variance-minimizing set of orbitals.

As the operator Q itself depends on the orbitals we have to solve the equation
iteratively: starting from an initial set of orbitals—which may be, for example,
the Hartree-Fock orbitals—we compute a matrix Q, solve the matrix equation
(1) to obtain new orbitals (filling those with the lowest y; with electrons), compute
a new Q matrix from these orbitals and so on—just like the corresponding
Roothaan procedure.
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482 G. Pauli and H. Kleindienst

As the result of this iteration we obtain the Slater determinant minimizing F*
with respect to a given A*. If we have started, for example, with a Hariree-Fock
value as A* (and, say, the corresponding Hartree-Fock function as the start
function) the function obtained by this procedure will, in general, not be the
Hartree-Fock function.

Now Variance Minimization itself is an iteration procedure. This is so because
F*=|HW¥—A* - ¥|? is not only a functional of the wavefunction ¥ but also a
function of A*. For a fixed wavefunction ¥, F? has its minimum for A*=
(HY¥|¥)—even though this value may, in reality, be farther away from the
eigenvalue than the value of A* previously used. ’

Thus, having obtained a function ¥; minimizing F> with respect to a given
A& —say, a Hartree-Fock energy—we may substitute A{ by the energy value
Af =(HY,|¥,) of this new function, knowing that even with this function F 2
with respect to this value will be smaller than with respect to the old Af. We
may then find out the function ¥, which minimizes F ? with respect to this new
A¥, substitute AT by A% == (HV,|¥,) and so on—until ¥ and A* do not change
any more.

In the case of a Hartree-Fock-like ansatz, this leads to a double iteration
procedure:

in an inner iteration loop the occupied orbitals ; are brought to self-consistence
with the operator Q defined by them—thus yielding a Slater determinant minimiz-
ing F? with respect to the given A* value;

in the outer loop the previous A* is substituted by the energy value of the new
function, and the inner loop is entered again with this new A *—until A* becomes
convergent too.

Let us note that the variance expression
F?=|HV —x* - ¥}

will give the exact squared distance between A* and an eigenvalue of H only if
T is the exact eigenfunction. In any other case the estimate will become all the
rougher the poorer the function ¥ is.

This makes it hopeless to expect any useful lower bounds (or good estimates of
correlation energies) from a single determinant wavefunction. In fact we shall
have to expect a kind of “Hartree~Fock”” limit for F* that will be much larger
than the square of real correlation energy.

In order to provide useful lower bounds, the method will have to be extended
e.g. to a Configuration Interaction ansatz. Thus the following calculations can
only demonstrate the way the procedure works in the single-determinant case.

2. Numerical calculations

Due to the great demand of computer time and file capacity (note that each
element of the matrix Q is a sixfold sum over the basis functions) the method
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was only tested for the very simplest closed-shell configurations, namely,
152 (He, Be**) and
1s*2s*> (BE).

We used Slater-type basis functions with radial parts
R(r)=r"-exp(—a-r)

with parameters according to Roothaan, Sachs and Weiss [4] and Huzinaga [5],
including modified versions of their basis sets.

Solutions of the integrals of these functions in case of atomic systems—including
those involving functions with /= 1—are shown in the Appendix.

The linear combinations of integrals over 1, 2, and 3 electrons’ coordinates were
computed in advance and catalogued as ready-for-use as possible.

The course of a Roothaan variance minimization procedure for a 1s* system is
shown in Table 1.

Table 1. The course of the iteration, He (1s2). Basis set of Roothaan, Sachs, and Weiss (4
basis functions)

Step No. Step No.
(outer loop) A¥ (inner loop) £ X1 E F?
i=1 —2.86167 1 —-0.857 -0.427 -2.7511 0.5556
2 —-1.022 -0.974 —2.8520 0.5341
3 -0.912 -0.546 —2.7894 0.5276
4 ~0.998 —0.847 —2.8435 0.5216
5 —-0.935 -0.606 —2.8065 0.5192
6 —-0.984 -0.782 -2.8370 0.5173
7 —-0.947 -0.644 —2.8151 0.5164
8 -0.976 —0.747 -2.8326 0.5158
9 -0.954 -0.667 -2.8197 0.5155
10 -0.971 -0.727 -2.8299 —
2 —2.82990 1 —0.955 —-0.620 —2.8167 0.5141
2 —-0.972 -0.678 -2.8274 0.5139
3 -0.959 -0.631 -—2.8187 0.5138
‘4 —-0.970 —-0.669 —2.8259 0.5138
3 —2.82385 1 —0.963 —-0.635 ~2.8209 0.5136
2 -0.967 -0.648 —2.8233 0.5136
3 —0.964 —0.638 -2.8213 0.5136
9 —-0.964 —0.641 -2.8219 0.5136
10 —-0.965 —0.644 —2.8225 —
4 —2.82250 1 —0.964 —0.639 —2.8217 0.5136
2 —-0.965 —0.642 —2.8223 0.5136
3 —0.965 —0.639 —2.8218 0.5136
4 —-0.965 —0.641 —2.8222 0.5136
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The dates shown are A} for the ith step of the outer loop, the Lagrange multiplier
x: and the orbital energy &, =(¥,|F|¥,) for the occupied orbital ¢,, total energy
and F? for each step of the inner loop. While F? reaches its final value rather
quickly, we notice an oscillation not only of the orbital values but also of total
energy, which comes to rest only after several steps of the inner iteration loop.
After some steps of the outer loop, the oscillations become smaller as the
difference between A* and (HY|¥) does.

We have to be aware that the orbitals with lowest x; are not necessarily those
with lowest orbital energies ¢; = (i| F|i). If in such a case we try to fill the orbitals
in the order of increasing &;—instead of increasing x,—the procedure will not
converge any longer; instead, it will be thrown back every now and then to a
function with lower total energy, but greater F°. An example is shown in
Table 2.

It has been shown for the case of general Variance Minimization (cf. [3], p. 883),
that as the start value of A™ approaches —oo, the function ¥ achieved in this
minimization step will approximate the corresponding Ritz-function, and the
upper bound of the variance interval, A*+JF? (as well as the energy value of
the function) will approach the Ritz energy. In case of a Hartree-Fock-like ansatz
this means approximation of the corresponding Hartree-Fock function and
energy. As an example for this behavior, such an initial step for Be with A =—10°
is shown in Table 3 (Huzinaga basis of four 1s-type functions). In this calculation,
the eigenvectors of the one-electron hamiltonian matrix H with Hy = (i|H|k)
were used as start orbitals. The dates of Huzinaga’s SCF function are given for
comparison.

Table 4. He (15%)

a) Basis of Roothaan, Sachs, and Weiss b) Enlarged basis

Orbital coefficients Orbital coefficients
n a Hartree-Fock  Variance Min.? Hartree~-Fock  Variance Min.?
0 5.4 — — 0.000 -0.006
0 3.0 0.175 0.286 0.151 0.044
0 1.4 0.884 0.404 0.964 1.201
1 3.0 0.011 0.072 -0.006 —0.068
1 1.4 —-0.051 0.339 —-0.122 —0.450
2 1.4 — — 0.026 0.342
£y —-0.918 -0.965 —0.918 —-0.967
E —2.861 67 —2.8220 —2.861 679 —2.8125
¥ — —2.8220 — —2.8132
X — —0.640 — ~0.657
F? 0.5747 0.5136 0.5749 0.5104

#Six iteration steps, each with 10 runs of the inner loop. This was not yet sufficient to achieve
complete self-consistence, as may be seen by comparing E and A*.

All orbital coefficients with respect to normalized basis functions.
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Table 6. Comparison Be** (1s?)-Be (1s?2s?)

G. Pauli and H. Kleindienst

Be?" Orbital coefficients

Be Orbital coefficients

Hartree-Fock  Variance Min.

Hartree-Fock

Variance Min.

n a 1s 1s 1s 2s 1s 2s
a) Basis set of Huzinaga
0 6.3828 0.087 0.090 0.087 -0.014 0.090 ~0.022
0 3.46755 0.919 0.861 0.916 —0.102 0.858 ~0.039
0 1.77774 0.005 0.076 0.008 —0.544 0.081 ~-0.650
0 0.72619  —0.000 —0.009 -0.001 1.345 -0.012 1.387
&; —-5.667 —5.695 —4.733 —0.309 —4.786 -0.313
E —13.611 297 —13.600 891 —14.573 009 —14.561 700
A* — —13.600 891 — —14.561 700
X — —30.485 — — —21.040 0.023
F? 2.77285 2.70480 2.97968 2.90679
b) Basis set of Roothaan, Sachs, and Weiss
0 6.5 0.099 0.129 0.089 -0.076 0.128 -0.059
0 34 0.940 0.802 0.935 —0.065 0.805 0.206
0 0.9 0.002 0.018 0.005 0.386 0.018 0.646
1 6.5 —0.009 0.023 0.005 —0.029 0.023 ~0.027
1 34 —0.025 0.065 —0.023 -0.208 0.064 ~-0.216
1 0.9 -0.001 —0.009 —0.002 0.741 -0.010 ~1.485
€; —5.667 — —4.732 -0.309 —4.946 ~0.308
E —13.611 297 —13.600 734 —-14.572976 —14.499 967
A¥® — —13.600 734 — —14.499 968
X: — —30.495 — — —22.655 ~0.011
F? 2.77103 2.70196 2.98097 2.85469

All orbital coefficients with respect to normalized basis functions.

Tables 4-6 show the results of Variance Minimization calculations for He, Be*",
and Be. As we had to expect, the F? values are many times larger than the
squares of the correlation energies. Apparently they do not improve very much
on improvement of the basis set.

What might seem surprising is that the difference between the variance-
minimizing function and the Hartree-Fock function, as well as the difference
between the final A* value and the Hartree-Fock energy, increases if the basis
is enlarged. The energy value of the variance-minimizing function becomes worse
for a larger basis!

In former three-particle calculations [6—9] the Ritz and Variance Minimization
functions and energy values became more and more similar to each other (as
each of them became more and more similar to the true eigenfunction and
eigenvalue) if the basis was enlarged.

But these calculations had been carried out in function spaces which allowed to
approximate the true wavefunction with arbitrary accuracy. The set of all single-
determinant wavefunctions fit for a system does not contain the true wavefunction,
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but only a best energy-minimizing Slater determinant (the exact Hartree~Fock
function, corresponding to the Hartree-Fock limit as its energy value) and a best
variance-minimizing Slater determinant—two different functions approximating
the true eigenfunction from different sides. Thus a subset of Slater determinants
can only approximate the exact Hartree—Fock function or the best variance-
minimizing function, but not the true eigenfunction. It is conceivable that the
basis sets taken from literature, which had been optimized to approximate the
Hartree~Fock function with few basis functions, are not fit to approximate the
best variance-minimizing determinant with the same accuracy; thus the variance-
minimizing function achieved with this basis remains relatively near to the
corresponding Hartree-Fock function. If the basis is improved, the approximation
of the best variance-minimizing determinant becomes better too—the F? value
becomes a little smaller, but A* runs farther away from the Hartree-Fock energy.

Table 6 compares results for Be** (1s52) with those for Be (15°2s%). We see that
the F? values for Be with its 4 electrons are not very much larger than those for
Be®". Although this may partially be due to the basis sets which had been
optimized for neutral Be rather than for Be** (and not for Variance Minimization
at all), it seems to indicate that the inaccuracy of the determinantal wavefunctions
does mainly come from the inner electrons and that the two additional electrons
of neutral Be, in spite of the five new electron—-electron interactions they introduce
into the atom, contribute comparatively little to total variance.

Appendix
Solutions of integrals needed for Hartree—Fock variance minimization

The calculations have been carried out with Slater-type functions composed of
a spherical harmonic and a radial function

Ri(r)=r"-exp(—a;-r).

We shall discuss the integrals arising from such functions in the case of atomic
systems.

In addition to the types of inner products known from the usual Hartree-Fock
procedure,

1
<¢1|¢2>, <¢1|Hl¢2>> and (¢1¢’2|r_'¢‘3¢4>,
12

some new products are needed for the calculation of the Q matrix, namely,

H, 1
<¢’1|H2[¢2>7 <_1 b19- d>3¢4>, <¢1¢2|T|¢3¢’4>,
T2 T2

and

1 1
(¢1¢2¢3|_ ' _l¢4¢5¢6)-
I3

ra

The first two of these products do not lead to new types of integrals.
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Products

(¢:|H?| )

give sums of overlap-type integrals, with radial parts of the form

%0=J N exp (—ar) dr=Nla™N71, a=oa+a,
0

Products

H,
<_ b1
riz

give sums of Coulomb-type integrals, which, by the expansion of 1/r,, in terms
of spherical harmonics [10], decompose into products of a radial part

o)

0 [ o}
R, =J J - e 12Tl exp (—ar, — Bry) dry dr,

0 ]
(r<1z=min(r1, r2), r>12=max(r1, I‘2), a=a;+a;, B=a2+a4)

_N1_§2_1 (N]“llz_l; _1, V)(N1+N2_V_1)’

o av+1 . (a +ﬁ)Nl+Nz_”
_|'_NZ_§2_1 (Nz_ 112_1; —1; V)(N1+N2_ V_l)‘ *
2o Bu+l . (a+B)Nl+N2—V

and two integrals of products of three spherical harmonics. New types of integrals
arise from products

1 1 1
<¢1¢2| |¢3¢4> and <¢1¢2¢3| ’ |¢4¢5¢6>-
r ry> Ias

2
12
1
a) Products <¢1¢2|‘r2_| b304)
12

The operator ri5 is expanded in terms of spherical harmonics in a similar way
as the Coulomb operator r3;. Let x be the cosinus of the angle enclosed by
electron 1, nucleus, and electron 2. Then

1 1 1 1

12, P+r-2nrn-x rr+r 1-p-x

with
_2nn

p= 2-
r+r;

1/(1—p- x) is expanded in terms of Legendre polynomials:

= § a;- P(x)

* (a;b;n)=a-(a—b) (a—2b)- - (nfactors) - - - - (a—(n—1)b) (“Kramp’s factorial”, cf. [11]).



Principle of variance minimization 491

with
<__1_ P,(x)>
g =zpxl 7/
1P, ()l
21+1 /2] boxi
s £ () erean 1;1)-Ll_p_xdx

[i/2] — +
=(21+1)-2""1(z (—1)”-(’)-(21 2”)-p2”*’—11n—1 £
r=0 14 l l—p

1 21-2v
2T e § v (v)( ! ))
— p 1 i

X

u=0 v=0 2,lL—2V+].

We resubstitute p by 2r,r,/ (r? +r2) and order the sums by ascending powers of
r; and r,.

Transcribing the P,(x) in the expression for 1/r}, into spherical harmonics in
01, L5 02, and @y, WE ﬁnd

1 © hy 21041 b L r+r
== y y 12 .47 Y r I, 1+2k_r£12 1=2kyn | 222
k

=0

k ! -2 _ 1,1
) (_4);,.( 12) . (21121 V) . <lllz 2V> 2% pphatEk. plam2k-2
v=0 -V k=0

1 (117)_(2112—@)
NS 4k-f,(112—2k+2f—1) 5 ! )

rl_rz

j=0 j 2k—2j-2v+1
(lia=|my,))! | ; -
== ——22= Pl (cos 9;) Piial (cos 6,) - ez,
(o myaht ™ ) Pl (cos 02

By this expansion, products with 1/r7, may be processed like Coulomb products,
but with a different radial integral

%2 =4_112 ( %2 Jm ‘[m r{"x‘llz+2k . r12V2+112"2k In
k=0Jo Jo
x f: (_4),-' <11.2><2112—2]')(112‘?]')
=0 J P k—j

1 1 fo fx
N, =, +2k+1 N+l ,—2k— —ar, —
-2 Z J- J' rt syt 1 L e TN drl drz

k=0 Jo Jo

(— 1)]<112>(2112'2j)
4,(_V_(112—2k+2u—1) kz I )
0

j=0 2k— 2V—2j+1

r1+r2

e P dr dr,
rn—rnr

X

v

Iaeks

v
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The nonlogarithmic part may be integrated without further processing. In the
logarithmic term we substitute

2 (rntn)=u (rn—r)/(rntr)=1
drdr=2udt du.
For a # B, integration over du gives (with N+ N,=! N, (a+B8)/(a—B)=C)

(a+ﬁ)N+2 : Sl (t+C)N+2 In |t| dt

¢ —4V . 112 2112——2] 112‘2]
<50 ()0

5 Tl (N =L+ 2k + D)V (N + 1, — 2k —1)!

RE =4 ha (’2(N+1)! bz J'l (14 ) Ni~hat2k L (1 — )N+l 2k
7= et S LA

N kEO aNimhpt2k+2 ﬁN2+zlz—zk
o ()P )
X i 4k—V,(llz_2k+2V—1>'kz_:" j .112 |
v=0 v i=0 2k—2v—-2j+1

The integral

dzJ’l (1_+_t)N1—112+2k . (1_t)N2+112»2k
. (t+C)N*?

In |¢| dt

is decomposed to give

o =(—1)Nthe. g i (—1)“.(N1*112+2k>(N2+112—2k>

w=0 v=0 m—v 14
1
X(C—1)*"" (C+1)*- J (t+C) "2 n|d dt
-1

The value of the remaining integral is (see [11], No. 322.6b)

1 In (¢
p+1 1+ O oy

£ (@S))

1

1
j (t+C) ™ Inlt| dt=—
-1

1

1
+——————‘
(wrDC™ ('“

e (ner 50 (65 -(59))
T+t A\ o+ 2k \\C+1 c—1
This is inserted into %3 to give
Gr gty 2D (NF DS (=2)*
2 (a—B)N"? WZo (p+D(a+p)*

- 1 a+p K_ a+ﬁ)">) u S
(e £ (5D (560 )<L eree
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Ly k AN =L, 42k N, +1,—2k\ /(! 20L,=2j\(li.—2f
% _ay 1 b2 )( 2T 2 >< 1.2)< 12 )( 127+ )
k§=:0j§o( ) ( m—v 4 ] lis k—j

2 llzz,jl (N1_112+2k+1)! (N2+.112"2k_1)'

Zo oMl t2ks2 BN2+112—21<
(_1)}- (112)(2112—2})
% i 4k_V.(l]2_2k+2V'—1).kiV ] .112
»=0 14 j=0 2k—21/—2]+1

In the case « = B, integration over du leads to a much simpler logarithmic term.
Integration over df then leads to

4N+ v g 2 by
(20!)N+2 =0 (2,U,+1)2 VZ_—:OkZ::O( 1)

x (Nl - 112+2k)(N2+ 112_2k) i (_4)} . (112)(2112—2])(112_2])
2u—v v =0 J la k—j
2 1,—1 1 L,—t

— o Loy X (Nimhat 2k 1) (Not b= 2k—1)!
= =p

k— — — — —
x zIJ- (_1)1/ i 4”-_". (112>(2112 21/)(2]12 2,LL 2v 1>>-
»=0 v liz k—p—v

1
b) Products (¢, ¢,ds|—- r_—l bidsde)
23

Ry :4—’12(

1
Iz
By multiplication of the expansions of 1/ry, and 1/r,; in terms of spherical

harmonics, these products decompose into a fourfold sum over Ilj,, my,, bs,
and m.,.

As in Coulomb-type products, the integrals over the ¢ coordinates will make all
terms vanish except those with certain values of m,,, m,;. We find

Myp =My My,
a3 = Mg — M3,
If m,+ my+ ms # my+ ms+ me, the entire product will vanish.

Thus the quadrupole sum reduces to a double one:

_ /(2l1+1)(l1_|m1|)! """ (216+1)(l6—|mél)!

64 - (I, +|m D! (L+{mPl--- - (Is+|mg|)!

1 1
<_ ¢1¢2¢3 - ¢4¢5¢6>
4V ras3

XY X JOO J'OO JwR1R4(f1) “R,Rs(ry) - R3R4(r3)

lLiabh3Jo Jo JO

reRrsn, .,

12 23

XAy rirarsdry dry drs
it

x(112‘|m12|)! (s —|mys))! J.l

P‘ml‘P‘mlz[P’m“l (COS 0 )d cos 0
(Lat|mu)! - (atmpat 70 The Tl ! :

-1
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1
XJ 1 P',;"2'P',:';12'P','2';23'P','5"5' (cos 6,) d cos 6,

1
xJ 1 P','3"3'P|,;';23'P',':6' (cos 83) d cos 0

where [, goes from |l;— | to Iy + 1, and I3 from |l;— 4| to I3+, each in steps
of 2 (for all other values the d@, and d@, integrals are zero). Additionally, terms
with L+ bLs<|L—1s or |lj3— 15> L, +15 will vanish on account of the dé,
integrals (as will be shown later).

We thus have to solve—besides the integrals over three Legendre functions—an
integral of a product of 4 Legendre functions and an integral over three radii.
The radial integral
For Slater-type radial functions, the radial integral is
“[(” N. _N,_N. rl<1%2' l<223 —ar,—Br,—r.
%sz R r11r22r33-——-———l>12+1. ot e 2 3dr1 dr2 dr3
12 =23

where
Ni=v+v,+2,
Noy=v,+vs+2,
Ni=v3+v+2;
a=o;+ay,,
B=a,tas,
Y = a3t og.
The integral is decomposed into four parts
R3=R3a+ Ryt Ry + Rs.y
with the integration areas
G, with ry<ry, 1;<ry;
G, withr <r, r,<rs;
Gy with r,<ry, r3<ry;
G,withr,<ry, r,<rs.
In each of the four parts we substitute
r=ter, P=UC T dr, dr, dry=r? dtdu dr,

and integrate over dr, to achieve

© 1 f1
Ry ___J‘ I I PN Nt Ly Naths L g (Brareydr gy oy dr

0 0 JO
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1 1 tNl«H]Z . uN3+123
Ay =N Ju=0 Jt=o (B+at+yu)NH dt du;

(o 1 tNl'le . uN3~123_1
Ri,=NI!- . J‘,=OW dtdu;
gt | r TR

3 o u=0 =1 (Btat+ YU)NH ’

[ > i tNl_IIQ_I . uN3—123—1

Faa=N-| I B+ttt A

In the double integrals
tMl . uMZ
D= -
e

we may substitute S+at+yu='g and B+at=h; then t=a"'+ (h—B), u=
vy~ ' (g—h), and the integrand decomposes into a polynomial of negative powers
of g and positive powers of h:

G = aMl—l . »thz_'l AZ/I:I (—B)M1‘l" . <M1>
w=0 M

M, M
. go (_I)MZ—V . ( 2) J’J‘ gV—N—l . hM2+p.—V dg dh.

14
By integration over dg we find
N’ Nyt N+l .— N1+112
%3‘1 - C{N1+112+1 . ’)’N3+lz3+l ;LEO (—ﬁ) Hhame
Nytly, (_1)N3+1237u (N3+ lz3>
r=0 v—N

14

atfg a+p
X (J hN3+123+,u.~1f . (h+ y) v—N dh_J’ hN3+123+).L*‘N dh)

B B
4 \N,+N +,+ N, +1
N S 1y g (N1+’u>
o 1 12 . »)/ 3 23 fL=O u
Ng:l” (‘1)". <N3+123>
v=0 V*N 14

a+B+y at+B
X ( f (f—y) sty froN g — J plNathstu—N dh);

Bty B
and similarly (with f=h+v):
= (=DM s L NN (Nl + llZ) . BN1+112—;L
M

Rs.p= =1)*-
32 QN Ny 2 (=1

Ny b=l (1) [Ns— L. —1 atBty - - p—
I (e | I N

v=0 v—N Bty
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(—1)N1+N3_112
R33=

+lya+l | NI N, —1,—-1
N

Nl_lu—l N,—1,,—p—1
— 1)~ . . 17 2™
N y1\73+123+1 Y (=1 ( “ B !

pn=0
N3£[23 (_I)V_ (N3+ 123)
rv=0 V'_N

14

X(I (f~'y)N3+123+}L‘V 'fV—N df_J‘
at+B+y a+B

hN3+123+p,—N dh)
(_1)N|+N3_t12'123+1 SNINThL N, —l,-1 e
Rsq= a™NiThz . N L v 1 l-”l2 T e

n=0
3 fz'l (—1)V . (NB - 123— I)J'Oo (f_ 7)N3—£23+u—u—lfv—N df
»=0 v—N 14 a+B+y
The four parts are mixed up, the summands ordered in terms of equal integrals,
and integrated to give

'% (_1)]\114'N3-+112+l23 . N’ Ny+1, Na+lL
3T TN AL 41
ol 12 .

53 (_1)u+v

w=0 v=0 II—N

_yN3+ I3+t

21

—a 12+l ﬁNJ*IXZ_/"’_l . (Nl_ll2_’1)(N3+123) (a +B)N3+IZ3+M_N+1
22 14

N3+lz3+}L—N+1
_3Nl+112~5‘, . (Nl+[12)(N3+123)

73

(a+B)N3+123+y.—~N+1

v

BNt hatuN+L

N3+ bLs+p—N+1 - Nit+bs+p—N+1

(in case N3+ l3+pu— N # —1) or—respectively—
In(a+8)—In B

N3+I23+p.—-u

A (N;+1 Ny+bLs+u—v
+ _ N3+[23+“_—y—](( 3 23)( 3 23. )
jzj.o (=)

v J
_<N3_lz3'—1)<N3_123+[.L"V*l))
v j
( A
N +1 )
Ny+l,—n 1 12
S

(atB+y) N By
v+j—-N+1

v+j-N+1
(in case v+ j— N # —1) or—respectively—
In(a+B+y)—In(B+7y)

(in case v+j—N=—1)

+ g2t BNI_IIZ—'J,—I . (Nl_ I~ 1) (a+B+7y) vHi=N+1
; H v+j-N+1
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Integrals of four Legendre functions

We have to solve integrals
1
J’ PYPHPEPY (cos 6) d cos 6
-1

where the sum of the upper indices, t+ u+ v+ w, 1s zero. (The sum of the lower
indices must be even in this case; otherwise the integrand would become antisym-
metric.)

The following deductions are made for integrals of arbitrarily many Legendre
functions with zero sum of the upper indices. We may write such an integral as

1
CW=j Pujoeeee P - Pl PR (x) dx
-1
z—z‘mt_znj Jl dm u,
=X l_xz Eu+Elvh/2 | x2_1 m,
mI!“'nv! _1( ) dxm +u ( )
4t

dn+lv|(x —1) dx

where the u; are positive (or zero), the v; negative (or zero). The sum of the
is equal to the sum of the |v;|. Thus
(1— x?)THFEo2 = (1 — x2) 2 = (1 — 2) ol

and by the relation (see [12])

o] antyl n~lyj|
(=) s (= 1) = Oyl =13 200 -y (2= 1)
we may use the (1 —x*)Z% up to transform the integral into
2—Zmi—2nj
W=———(m+|o)fs =1, 20v,)) -~ - - - (n,+|v.]; =15 2[v,]) (%)
my!--nl
1 dm1+“1 m dm +u -
XJ W(xz—l) e ;m—(x —1"
d"l_lvll " dnu—|v "
.d‘n—Tv‘l_[( 2_1) ..... —‘dn—h)l(x _1) dx.
Integration of this polynomial gives
g {mt o~ 20w)) - - - (n, +v,]; =1; 2[0,])
szi+znj . ml! ..... n,,!
[(my~u;)/2] [(m,—u,)/2] [(n,+]»,}/2] [(n,+In,])/2] o
x 5 .. y y ce 5 (1)t

b =0 =0 J»=0
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X2my~2i; =1, m+u) - 2m,—2i,;—-1; m,+tu,)
X(2ny—2f; =1 n— o) -0 (2n,=2j,; —1;n,—v,])
2
X —
m;+ 20— - =2j,+1
2( v =1 200y) - - - - (n 1; 2|v,))
B 2TMLA g e n,!

k/2 ( l)x [my—u,/2] {m,—u,/21[(n,—v)/2] [(n,—v,)/2]
ok—2k+1 50 i, =0 j1=0 7, =0

x( my ) . (mz) ..... (m») . ("1) ..... (")
K== "] I I, J I
X(2my =2k +20+ < -0 +2j,;—1; my+uy)
X(2my—20;—1; motuy) -+ 2m,—2i,;-1;m,+u,)
X2n=2jy; Ly m+ ) - - (20— 2,5 =1 n, 4 0,)

(with k=3 m;+Y n;); the latter formula has the advantage that the inner loops
are integer.

Expression (*) may be used to deduce an extension of Gaunt’s triangle rule [13]:
integrals of the kind treated here are zero if any of the lower indices is greater
than the sum of the others.

To prove this, expression () is integrated partially integrating up one factor
dn |, ]

e 1

The integral functions of this factor are zero for x =+1; the remaining integral
is

2—Zm‘.—):nj
W= 1 ' '(nlJ"‘Ul‘;“l;z‘le “““ (n, +lv.}; ~1;2|.)
myl- s on
1 d"k—lukl I dm1+u1 dm/f""u
2 1y, 21y L., _— 2 _1y"
X I_l (x 1) dx"k‘lvkl [dxm1+u1 (X 1) dxm"-'—ul‘- (x 1)
dm omit the) dn }
ce R - S LY S
Cdxme ‘( -n® (kth factor dx™ v/ (*~1) g

This will vanish if the degree of the polynomial in braces—which is to be derivated
(e~ vel) times—is less than n —|v,l.

The degree of this polynomial is

Tm+ ¥ n—Yu+ Y |yl
i j*k i j#k
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Thus % will vanish if not

Ymi+ Y =Y u+ Y |v]=nc—|vd
i ik i j*k

H

Tm+ Y =Y u+Y o=
i ik f

Ym+ ) m=mn for any n.
i j=k

(The same may be shown for the m; if we use the (1 —x%)Z% to transform the

Py instead of the Pln’;f'.)

In the present case, the rule gives an additional restriction of the possible values
of I, and [;3, namely,

Lot bs=|lL—1| and |lL;—bLi=L+1s
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