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The variance-minimizing Roothaan-l ike equation derived in a preceding paper  
[1] gives rise to a double iteration procedure. The procedure is tested by 
application on some simple atomic systems, using Slater-type basis functions. 
The integrals needed for atomic systems and Slater-type basis functions are 
solved. 
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I. Discussion of the procedure 

In a preceding paper  [1] we showed that Variance Minimization [2, 3], for an 
ansatz of the wavefunction air as a Slater determinant,  leads to a Roothaan-l ike 
matrix equation 

Oci  = xi  " Sci (1 )  

determining the coefficient vectors ci of a variance-minimizing set of orbitals. 

As the opera tor  Q itself depends on the orbitals we have to solve the equation 
iteratively: starting from an initial set of orbitals--which may be, for example, 
the Har t r ee -Fock  orbi ta ls - -we compute a matrix Q, solve the matrix equation 
(1) to obtain new orbitals (filling those with the lowest Xi with electrons), compute 
a new Q matrix from these orbitals and so on- - jus t  like the corresponding 
Roothaan procedure. 

Offprint requests to: G. Pauli 
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As the result of this iteration we obtain the Slater determinant minimizing F 2 

with respect to a given A*. If we have started, for example, with a Har t ree-Fock 
value as A* (and, say, the corresponding Har t ree-Fock function as the start 
function) the function obtained by this procedure will, in general, n o t  be the 
Har t ree-Fock function. 

Now Variance Minimization itself is an iteration procedure. This is so because 
F 2= I [ H ~ - A * .  ~ll 2 is not only a functional of the wavefunction �9 but also a 
function of A*. For a fixed wavefunction ~ ,  F 2 has its minimum for A*= 
( / / q t l~ ) - - e ve n  though this value may, in reality, be farther away from the 
eigenvalue than the value of A* previously used. 

Thus, having obtained a function ~ l  minimizing F z with respect to a given 
A*--say,  a Har t ree-Fock energy--we may substitute Ao* by the energy value 
A* := ( / /~ l l q t l )  of this new function, knowing that even with this function F 2 
with respect to this value will be smaller than with respect to the old Ao*. We 
may then find out the function ~2 which minimizes F 2 with respect to this new 
hi*, substitute A* by h2* := (HX[t21xIY2) and so on--unt i l  �9 and A* do not change 
any more. 

In the case of a Hartree-Fock-l ike ansatz, this leads to a double iteration 
procedure: 
in an inner iteration loop the occupied orbitals q;i are brought to self-consistence 
with the operator  Q defined by them-- thus  yielding a Slater determinant minimiz- 
ing F 2 with respect to the given A* value; 
in the outer loop the previous A* is substituted by the energy value of the new 
function, and the inner loop is entered again with this new h *--unti l  h * becomes 
convergent too. 

Let us note that the variance expression 

F 2 = ] [ H ~ -  h* .  ~ll 2 

will give the exact squared distance between A* and an eigenvalue of H only if 
is the exact eigenfunction. In any other case the estimate will become all the 

rougher the poorer  the function �9 is. 

This makes it hopeless to expect any useful lower bounds (or good estimates of 
correlation energies) from a single determinant wavefunction. In fact we shall 
have to expect a kind of "Har t r ee -Fock"  limit for F 2 that will be much larger 
than the square of real correlation energy. 

In order to provide useful lower bounds, the method will have to be extended 
e.g. to a Configuration Interaction ansatz. Thus the following calculations can 
only demonstrate the way the procedure works in the single-determinant case. 

2. Numerical  calculations 

Due to the great demand of computer time and file capacity (note that each 
element of the matrix O is a sixfold sum over the basis functions) the method 
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was o n l y  t e s t e d  fo r  t h e  v e r y  s imples t  c l o s e d - s h e l l  con f igu ra t i ons ,  n a m e l y ,  

l s  2 ( H e ,  B e  2+) and  

l s 2 2 s  2 ( B E ) .  

W e  u s e d  S l a t e r - t y p e  basis  f u n c t i o n s  wi th  r ad ia l  pa r t s  

R ( r )  = r n . exp  ( - a .  r) 

wi th  p a r a m e t e r s  a c c o r d i n g  to  R o o t h a a n ,  Sachs  and  Weis s  [4] and  H u z i n a g a  [5], 

i n c l u d i n g  m o d i f i e d  v e r s i o n s  of  t he i r  basis sets.  

S o l u t i o n s  of  t h e  in t eg ra l s  of  t h e s e  f u n c t i o n s  in case  of  a t o m i c  s y s t e m s - - i n c l u d i n g  

t h o s e  i n v o l v i n g  f u n c t i o n s  wi th  l - 1 - - a r e  s h o w n  in t h e  A p p e n d i x .  

T h e  l i nea r  c o m b i n a t i o n s  of  in tegra l s  o v e r  1, 2, and  3 e l e c t r o n s '  c o o r d i n a t e s  w e r e  

c o m p u t e d  in a d v a n c e  and  c a t a l o g u e d  as r e a d y - f o r - u s e  as poss ib le .  

T h e  c o u r s e  of  a R o o t h a a n  v a r i a n c e  m i n i m i z a t i o n  p r o c e d u r e  fo r  a 1 s 2 sys t em is 

s h o w n  in T a b l e  1. 

Table 1. The course of the iteration, He (ls2). Basis set of Roothaan, Sachs, and Weiss (4 
basis functions) 

Step No. Step No. 
(outerloop) A~ (innerloop) e 1 Xl E F 2 

i=1 -2.86167 1 -0.857 -0.427 -2.7511 0.5556 
2 -1.022 -0.974 -2.8520 0.5341 
3 -0.912 -0.546 -2.7894 0.5276 
4 -0.998 -0.847 -2.8435 0.5216 
5 -0.935 -0.606 -2.8065 0.5192 
6 -0.984 -0.782 -2.8370 0.5173 
7 -0.947 -0.644 -2.8151 0.5164 
8 -0.976 -0.747 -2.8326 0.5158 
9 -0.954 -0.667 -2.8197 0.5155 

10 -0.971 -0.727 -2.8299 - -  
2 -2.82990 1 -0.955 -0.620 -2.8167 0.5141 

2 -0.972 -0.678 -2.8274 0.5139 
3 -0.959 -0.631 -2.8187 0.5138 
4 -0.970 -0.669 -2.8259 0.5138 

3 -2.82385 1 -0.963 -0.635 -2.8209 0.5136 
2 -0.967 -0.648 -2.8233 0.5136 
3 -0.964 -0.638 -2.8213 0.5136 

9 -0.964 -0.641 -2.8219 0.5136 
10 -0.965 -0.644 -2.8225 - -  

4 -2.82250 1 -0.964 -0.639 -2.8217 0.5136 
2 -0.965 -0.642 -2.8223 0.5136 
3 -0.965 -0.639 -2.8218 0.5136 
4 -0.965 -0.641 -2.8222 0.5136 
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The dates shown are ~.* for the ith step of the outer loop, the Lagrange multiplier 
X1 and the orbital energy el = (~11F1~1) for the occupied orbital qJt, total energy 
and F 2 for each step of the inner loop. While F 2 reaches its final value rather 
quickly, we notice an oscillation not only of the orbital values but also of total 
energy, which comes to rest only after several steps of the inner iteration loop. 
After some steps of the outer loop, the oscillations become smaller as the 
difference between )t* and ( / - /~ l~)  does. 

We have to be aware that the orbitals with lowest Xi are not necessarily those 
with lowest orbital energies el = (ilFli). If in such a case we try to fill the orbitals 
in the order of increasing ei--instead of increasing X~--the procedure will not 
converge any longer; instead, it will be thrown back every now and then to a 
function with lower total energy, but greater F 2. An example is shown in 
Table 2. 

It has been shown for the case of general Variance Minimization (cf. [3], p. 883), 
that as the start value of )t* approaches -oo, the function �9 achieved in this 
minimization step will approximate the corre___ssponding Ritz-function, and the 
upper bound of the variance interval, A* +~/F z (as well as the energy value of 
the function) will approach the Ritz energy. In case of a Hartree-Fock-l ike ansatz 
this means approximation of the corresponding Har t ree-Fock function and 
energy. As an example for this behavior, such an initial step for Be with )t* = - 105 
is shown in Table 3 (Huzinaga basis of four 1 s-type functions). In this calculation, 
the eigenvectors of the one-electron hamiltonian matrix H with H~k =(ilHlk) 
were used as start orbitals. The dates of Huzinaga's SCF function are given for 
comparison. 

Table 4. He ( l s  2) 

n ot 

a) Basis of Roothaan,  Sachs, and Weiss b) Enlarged basis 

Orbital  coefficients Orbital  coefficients 
Har t ree-Fock Variance Min. a Har t ree-Fock Variance Min. a 

5.4 - -  - -  0.000 - 0 . 0 0 6  

3.0 0.175 0.286 0.151 0.044 

1.4 0.884 0.404 0.964 1.201 

3.0 0.011 0.072 -0 .006  -0 .068  

1.4 -0 .051  0.339 -0 .122  -0 .450  

1.4 - -  - -  0.026 0.342 

e 1 -0 .918  -0 .965  -0 .918  -0 .967  
E -2 .861  67 -2 .8220  -2 .861  679 -2 .8125  

A* - -  -2 .8220  - -  - 2 . 8 1 3 2  

g l  - -  - 0 .640  - -  - 0 . 6 5 7  
F 2 0.5747 0.5136 0.5749 0.5104 

a Six i teration steps, each with 10 runs of the inner loop. This was not yet sufficient to achieve 

complete self-consistence, as may be seen by comparing E and )t*. 

All orbital  coefficients with respect to normalized basis functions. 
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Table 6. Comparison Be e+ (ls2)-Be (1s22s z) 

G. Pauli and H. Kleindienst 

Be z+ Orbital coefficients Be Orbital coefficients 

Hartree-Fock Variance Min. Hartree-Fock Variance Min. 
n a ls ls Is 2s ls 2s 

a) Basis set of Huzinaga 

0 6.3828 0.087 0.090 0.087 -0.014 0.090 -0.022 
0 3 . 4 6 7 5 5  0.919 0.861 0.916 -0.102 0.858 -0.039 
0 1.77774 0.005 0.076 0.008 -0.544 0.081 -0.650 
0 0.72619 -0.000 -0.009 -0.001 1.345 -0.012 1.387 

~i -5.667 -5.695 -4.733 -0.309 -4.786 -0.313 
E -13.611 297 -13.600 891 -14.573 009 -14.561 700 
A* - -  -13.600 891 - -  -14.561 700 
X i  - -  -30.485 - -  - -  -21.040 0.023 
F: 2.77285 2.70480 2.97968 2.90679 

b) Basis set of Roothaan, Sachs, and Weiss 

0 6.5 0.099 0.129 0.089 -0.076 0.128 -0.059 
0 3.4 0.940 0.802 0.935 -0.065 0.805 0.206 
0 0.9 0.002 0.018 0.005 0.386 0.018 0.646 
1 6.5 -0.009 0.023 0.005 -0.029 0.023 -0.027 
1 3.4 -0.025 0.065 -0.023 -0.208 0.064 -0.216 
1 0.9 -0.001 -0.009 -0.002 0.741 -0.010 -1.485 

e i -5.667 - -  -4.732 -0.309 ~4.946 -0.308 
E -13.611 297 -13.600 734 -14.572 976 -14.499 967 
A* - -  -13.600 734 - -  -14.499 968 
X i  - -  -30.495 - -  - -  -22.655 -0.011 
F 2 2.77103 2.70196 2.98097 2.85469 

All orbital coefficients with respect to normalized basis functions. 

Tables  4 - 6  show the results of Var iance  Minimiza t ion  calculat ions for  He ,  Be 2+, 

and Be. As  we had to expect ,  the F z values are  many  t imes larger  than the 

squares  of the cor re la t ion  energies.  A p p a r e n t l y  they do not  improve  very  much  

on i m p r o v e m e n t  of the basis set. 

W h a t  might  seem surprising is that  the difference be tween  the var iance-  

minimizing funct ion and the H a r t r e e - F o c k  funct ion,  as well as the difference 

be tween  the final h* va lue  and the H a r t r e e - F o c k  energy,  increases if the basis 

is enlarged.  The  energy  value  of the var iance-min imiz ing  funct ion becomes  worse 
for a larger  basis! 

In f o r m e r  th ree-par t ic le  calculat ions [6-9]  the Ri tz  and Var iance  Minimiza t ion  

funct ions and energy values became  m o r e  and m o r e  similar to each o ther  (as 

each of t hem became  m o r e  and m o r e  similar to the t rue  e igenfunct ion  and 

e igenvalue)  if the basis was enlarged.  

But  these  calculat ions had been  carr ied out  in funct ion spaces which a l lowed to 
approx ima te  the t rue  wavefunc t ion  with arbi t rary  accuracy. The  set of all single- 

de t e rminan t  wavefunct ions  fit for  a system does  not  contain the t rue  wavefunct ion ,  
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but only a best energy-minimizing Slater determinant (the exact Har t ree-Fock 
function, corresponding to the Har t ree-Fock limit as its energy value) and a best 
variance-minimizing Slater determinant-- two different functions approximating 
the true eigenfunction from different sides. Thus a subset of Slater determinants 
can only approximate the exact Har t ree-Fock function or the best variance- 
minimizing function, but not the true eigenfunction. I t  is conceivable that the 
basis sets taken from literature, which had been optimized to approximate the 
Har t ree-Fock function with few basis functions, are not fit to approximate the 
best variance-minimizing determinant with the same accuracy; thus the variance- 
minimizing function achieved with this basis remains relatively near to the 
corresponding Har t ree-Fock function. If the basis is improved, the approximation 
of the best variance-minimizing determinant becomes better t oo - - the  F 2 value 
becomes a little smaller, but A* runs farther away from the Har t ree-Fock energy. 

Table 6 compares results for Be 2+ (1 s 2) with those for Be (ls22s2). We see that 
the F 2 values for Be with its 4 electrons are not very much larger than those for 
Be 2+. Although this may partially be due to the basis sets which had been 
optimized for neutral Be rather than for Be 2+ (and not for Variance Minimization 
at all), it seems to indicate that the inaccuracy of the determinantal wavefunctions 
does mainly come from the inner electrons and that the two additional electrons 
of neutral Be, in spite of the five new electron-electron interactions they introduce 
into the atom, contribute comparatively little to total variance. 

Appendix 

Solutions o f  integrals needed for Har tree-Fock  variance minimization 

The calculations have been carried out with Slater-type functions composed of 
a spherical harmonic and a radial function 

Ri(r )  = r hi" exp ( -cq-  r). 

We shall discuss the integrals arising from such functions in the case of atomic 
systems. 

In addition to the types of inner products known from the usual Har t ree-Fock 
procedure, 

<,~114,2>, <4,11H1~2), and (~bl0~2lr-~z[~b3~b4) , 

some new products are needed for the calculation of the O matrix, namely, 

and 

The first two of these products do not lead to new types of integrals. 
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Products 

(~,1H21~,2> 

give sums of overlap-type integrals, with radial parts of the form 

io o ~o = r N exp ( - o r )  dr = N[~ -N-l ,  ~ = cq + a2. 

Products 

It@21 (~l~D2 I 1~931~4 / 

give sums of Coulomb-type integrals, which, by the expansion of 1/r~2 in terms 
of spherical harmonics [10], decompose into products of a radial part 

Io~ ~1 = r ~ l r f 2  . ,.q2 , -q2-1.  ex p ( - a r l -  [3r2) dr1 dr2 r<12~>12 

(r<12=min(rl, r2), r>~=max(ra,  r2), c ~ = a l + a 3 ,  / 3 = a 2 + a 4 )  

N'--ll2--1 (N1 -- 112-1; - 1 ;  v)(Nl + N 2 -  v -  1)[ 
= ~=0E ,~+1 . (~ +~)N,+N2-~ 

N2-l'2--1 ( N 2 - / 1 2 -  1; - 1 ;  v ) (N 1 + N  2 - v-  1)! * 
"q- v=0E ]~v+l (0~ "~-[~) NI+N2-v 

and two integrals of products of three spherical harmonics. New types of integrals 
arise from products 

1 
(~ba~bzl~1221~b3~b4) and (~lt~2~311"11~4~5q~6).r]2 r23 

1 
a) Products (61~21r1--~21(~364) 

The operator  r]-2 z is expanded in terms of spherical harmonics in a similar way 
as the Coulomb operator  r~-21. Let  x be the cosinus of the angle enclosed by 
electron 1, nucleus, and electron 2. Then 

1 1 1 1 
r2--~-r~ +rZ-2rlr2 . x - r z  +r 2 1 - p .  x 

with 
2 rl r2 

p - + 

1 / ( 1 - p .  x) is expanded in terms of Legendre polynomials: 

1 = Z at" Pt(x) 
1 - p .  x t=o 

�9 (a; b; n)= a. ( a -  b) �9 ( a -  2b) . . . .  (n factors) . . . .  ( a -  (n-  1)b)("Kramp's factorial", cf. [11]). 
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with 

at = ilp,(x)l[= 

21+1 E'/21 ( ~ )  f ix '+ 
-2G- / - I !  Y. ( -1 )  ~. . ( 2 1 - 2 v ; - 1 ; 1 ) .  - - d x  

�9 ~=o - a l - p ' x  

(U~21 ( f ) ( 2 1 7 2 v  ) p 2 ~ _ t _ l l n l + P  = ( 2 1 + 1 ) .  2 -l-~ ( -1)  ~. �9 �9 - -  
\~,=o 1 - p  

~(~-,)/2j , (-1)~" ( ~ ) "  ( 2 1 7 2 v ) )  

- 2  E p-/+ip-. E 
~*=0 , '=0  2 / x - 2 v + l  " 

We resubstitute p by 2rlre/(r 2 + r 2) and order the sums by ascending powers of 
q and r 2. 

Transcribing the Pl(x) in the expression for 1/r22 into spherical harmonics in 
01, q~l, 02, and q~2, we find 

112 1 ~ 112 2112+1 ~ r l l l z _ l + 2 k  [r ,+r2[ 
r2-- ~ = y~ �9 4-'~2 �9 r~ :-1-2k In 

f12=(} mt2=--l12 2 \k=o Irl  - r 2 1  

( : ) (  ; ,21 
• (_4)~. 1 . 2112 2v . 1 - 2  Y rTq2+ik.r~2-2k-2 

v=0 k =0 

x~4k-i'(lla--ik+2j--l~k-'(--1)"'(l~2)'(el12;2v))/=o \ j / ~--o 2 - k - - - ~ 2 ~ - + 1  - 

x (122-Im12[)! o1-,,21 (cos a ~ ol,-,2J (cos 02)" e i"'2%-~2). 
(I12+ [m12[)! *l~2 "1! -1,2 

By this expansion, products with 1/rl22 may be processed like Coulomb products, 
but with a different radial integral 

I;;o I ~2 = 4 -q2 r7  '-112+2k" r2 N2+/'2-2k In rl +r....___~2 e_O~q_~r 2 d q  dr 2 
\k  =0 [ rl -- r2 [ 

X ~ (--4)J'(l'2~(2112--2J)( l j = o  \ j ] \  112 ~ ; J )  

;olo o /,z-1 m rN'-l '2+2k+l rN2+/12-2k-1 e -~ drl dr2 - 2  Y~ �9 �9 
k=0 

x ~ 4 k-" (112-2k+2v-1) k-~,(-1)'(~2)(ill;172J)t 
�9 " Y 2--k ~ 2 / - - ~ i  ] v=O 1: j=O 
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The nonlogarithmic part may be integrated without further processing. In the 
logarithmic term we substitute 

1 . ( r l+r2)= :u, (ri-r2)/(ri+r2)=:t ,  

dr dr = 2u dt du. 

For oe #/3, integration over du gives (with N1 +i"42 =: N, (a +/3) / (a- /3)  =: C) 

~ =4_q= ( - 2 ( N +  1)! ~2 I-- (l+t)Nl-l~2+2k" (l--t)N2+llz-Zk 
\~7~-N'm-7"k= ~ , ~ -~ - -~ -~  lnlt l  dt 

• ~ (-4)'.(1'2~(2l'2-2~(112-2~ 
j=o \ j ] \  /12 ]\ k- j  ] 

q2-~ (N~-/~2+ 2k + 1)[ (N2+/12- 2 k -  1)! 
-- 2 k = 0 ~  olN1-l12+2k+2 " [ ~N2+l12-2k 

1) 
The integral 

(_1) , (112~(2112-2j~\  
~-~ _ \  J l \  112 / .}  
Y 2 k - 2 v - 2 j + l  /" j=0 

~-f~ (1 + t) Nl-l12+2k'(_~ ~>72-(1 - t) N2+%-2k lnit[ dt J 

is decomposed to give 

se=(-1) N2+'12" E Z (-1)". 
~.=o ~=o /.t -- v / \  

x ( C - l )  ~-~. ( C + I )  ~. (t+ C)-"-2 In Itl dt. 
1 

The value of the remaining integral is (see [11], No. 322.6b) 

f l  1 In,t[ t ~ (t + C)-u-2 In It I dt= 
--1 /*+1 (t'Ov C )  br /=-1  

1 ( l ' l  1 
+ ( / . + I ) C . + , .  In ~ +~o~-" ~ - 7  ,=-1 

_- 1 C - 1  1 ( (  C )" ( C ) ' ) )  
�9 ( l n - - + ~ - "  ~ - i  - ~ - - ~  " ( / ~ + I ) C  f*+l \ C + 1  K=I K 

This is inserted into ~ to give 
f 

_4_q~/--2(--1)N~+~l~ �9 - (N+I) !  N (_2)~* 
,*=o (It + 1)(a +/3) t*+1 

:o~-W-77/-v-~-e--/ee'<5o <'~~"-~ 
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1~2 ~ (N1-112+2k~(N2+112-2k~(l12~(2112-2j~(ll~-~j) 
x 3" ,.. ( - 4 y  

k=0j=0 \ /X--~' / \  ~' ] \  j ] \  112 , ] \  -- 

112-1 (Nl -  llz + 2k +1)! (N2 +'112- 2k-1)!  
- 2  k=0 y~ o L N l - - l l 2 - t - 2 k q - 2  * [3 N2+lI2-2k 

( 1),(1'2~(2l'2-2j~] 
( ) k - , , - "  \ ] ] ~  11, ]~ X ~ 4 k-~. 112-2k+2v-1 . y~ 

,,=o v j=o 2k -2v -2 j+ l  J" 
In the case a =/3 ,  integration over du leads to a much simpler logarithmic term. 
Integration over dt then leads to 

- 4 - q J  4(N+1)!/" - '  [N/21 1 2/* /12 
�9 Y: �9 2 Y: ( - 1 ) "  

~ 2  -- \ (2oe) N+2 ,,*=o (2/* + 1) 2 ~,=o k=0 

x(Nl - l l i+ ik~(Nz+l12  - 2 k \  S. (112~(2112-2j~(llz-2J~ 
\ 2t,-v / \  v /Y=o( -4) " \J / \  112 / \  k - j  / 

2 112--1 1 112--1 
-- N+~" ~ �9 ~ ( N l - 1 1 2 + 2 k + l ) ! ' ( N 2 + l 1 2 - 2 k - 1 ) !  

a ~=o21x+l  k=~, 

x k-.y, ( -1 ) ""  4"*-"" ( 1 1 2 " ~ ( 2 1 , 2 - 2 v ' ~ / 2 1 1 2 - 2 / z - 2 v - 1 ) )  

v=0 \ / ~ ' ] \  /12 ] \  k - ~ - v  

b) P r o d u c t s  (4]~2~31 1 "  11~)4~5q~6) 
r]2 

By multiplication of the expansions of 1/q2 and 1/r23 in terms of spherical 
harmonics, these products decompose into a fourfold sum over 112, m12, /23, 
and m23. 

As in Coulomb-type products, the integrals over the q~ coordinates will make all  
terms vanish except those with certain values of m12, m23. We find 

m12 = m4- -  ml ,  

m.23 -= m 6 -- m,3. 

If ml + rn2 + m3 ~ m4 + ms + m6, the entire product will vanish. 

Thus the quadrupole sum reduces to a double one: 

( r~2 ~1q~2~/~31 1 04q55061= -~/(21t+1)(ll-[mtD! . . . . .  (216+l)(16-[m6D] 

io io~ • • Y~ RIRn(rl) '  R2Rs(r2)" R3R6(r3) 
112 123 

r112 " ri23 2 2 2 
• <~2 "<z3 rxr2r3 dq drz dr3 112+1 123+1 

r>t2  r>23 

x (112--1m121)! " (123-1rn231)~ - [ 1  ol~,lol,~l~ret,,,41 (cos 01) d cos 01 
( / l a + l m , 2 l ) !  ( / 2 3 + [ m 2 3 D !  ,J -1 at ll ~tl l2  ,4 
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X O[m21olma21oIm231oImsI (COS 02) d cos 02 
J t l  2 Jt /12 Jt /23 at 15 

1 

I_ X Dlm31Dlm231olm61 (COS 03) d cos 03 Jt 13 ~t /23 116 
1 

where 112 goes from I11-141 to 11 + 14 and 123 from I/3 --161 to l 3 + 16, each in steps 
of 2 (for all other values the dO1 and dO3 integrals are zero). Additionally, terms 
with 112+ 123 < 112- Isl or 1112-123[ > / 2  + 15 will vanish on account of the dO2 
integrals (as will be shown later). 

We thus have to solve--besides  the integrals over three Legendre funct ions--an 
integral of a product of 4 Legendre functions and an integral over  three radii. 

The radial integral 

For Slater-type radial functions, the radial integral is 

~ 3 =  r~lr~2:r~3 . "<12 "<23 e -~'~-~'2-~'~ dr1 dr2 dr3 112+1 r 123 +1 
r~-12 ;>23 

where 

N1 = Vl+ v4:+ 2, 

N2 = v2+ v5+2, 

N3 = v3+ v6+2;  

a = O~ 1 + 0L4~ 

/3 = a2 + as, 

~ = O/3 "-[- 0/6. 

The integral is decomposed into four parts 

~/~3 = ~3"1  "~ ~ 3 . 2  -'1- ~ 3 . 3  "]- ~ 3 . 4  

with the integration areas 

G1 with r I < r2, r3 < r2; 

G2 with rl < r2, r2< r3; 

G3 with r2< rl, r3< re; 

G4 with r2 < r j, r2 < r3. 

In each of the four parts we substitute 

rl =: t. r2, r3 =: u . r2; dr1 dr2 dr3 = r] dt du dr2 

and integrate over dr2 to achieve 

fo fo Io ~3"1  = r N �9 t sa+la2  �9 U N3+/23 �9 e -(~+~'+v")~ dt du dr 
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with N = N~ + N z + N 3  

~3., = N ! -  ,=o =o ( f l - - -~a t+~-~ '  dtdu; 

 dtdu; 

~ > 3 = N ! "  ,=o = '  (~-~--~--~U-U~ dtdt/1; 

~3.4 = N! �9 tNl-ll~-I " uN3--123--' 
~=1 =1 ( f l + a t + y u )  N+' dtdu. 

In the  double  integrals 

we m a y  subst i tute f l + a t + y u = : g  and / 3 + a t = : h ;  then t = a  - 1 .  ( h - f l ) ,  u= 
7 -1 �9 ( g -  h), and the in tegrand decomposes  into a polynomial  of negat ive  powers  
of g and posit ive powers  of h: 

p~=0 

(_ l )M2-~ . g~-U-1 . hM2+~-~ dg dh. 
9=0 

By integrat ion over  dg we find 

N! N,+;I~ (N, +112) 

�9 g = o  k P. / 

7 7 ;  

X ( f f  +t~ hN~+%+t *-~ . (h+y)  ~  dh-f] hN3+t23+~-Ndh) 

(--1) Nl+N3+l12+123N' N1+;12 (N1 +112~ 
-au~+;,~+l yu~+;~+l Z (-1)"'/~u,+;,2 . .  

�9 ~ = o  k # / 

N3+/23 (--1)u~,=0 ~ v - N  . (N3+123) 

( r z  +, 

and similarly (with f = h + y):  

(--1) N'+N3+I12 % . N,  N,+q~ (N~ + 1,2 ) 
~3.2-- aN1+1124-1 ,yN3-- 123 ~. (--1) ~'' "/3 NI +l12-'u" 

�9 ~ = o  \ It 

N3-123-1(--1)~(N3--123--l)f ~+t3+v E - - -  ( f _  ,y)N3-123+~-v-1 " fv-N df; 
~=o v - N  v J t3+~, 
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(--1)N1+N3-112+I23+l"N!N1-llZ-lol Nt-l'2 ( N1- lt2- 1 ) 
" ~ 3 " 3 -  ,yN3+123+1 Z ( - - 1 )  '~ " ]3 N ' - / 1 2 - ~ - I  

�9 t~=0 

x (f--y)N~+l~3+"-~.f~-Ndf-- hN~+f~+.-Ndh ; 
+P+v +~ 

(--1) Nt +N3--l'2-I23+ I " Nt-t~2 " "/'ql--lt2--1 ( Nl - ll 2 - 1 )  ~3.a-  yN~-t~3 Y (-1)" "/3 N'-t'~-~-I 
~=o \ /z 

N3-123-I (--I) ~ ( N 3 - 1 2 3 - 1 ) [ ~  
E �9 ( f -  v)'~-'2~+~-~-'f ~-N a f  ~=o u - N  \ v /.I.+~+v 

The four parts are mixed up, the summands ordered in terms of equal integrals, 
and integrated to give 

(--1) N~+N3+Ilz+I23. N! Nl+l12 N3+123 (-1) "+~ 
~ 3  = ct, NI +112+1 .}/N3+/23 +1 ~ �9 ,~=0 u=0 /Y - N  

_ o~2112 +1 . ~NI--II2--M---1 . ( N l - 1 1 2 - 1 ) ( N 3 +  123) 
/x 

--~NI-t"JI2-1"~,(N1;'I2)(N3;123) 

(0[ "}-~) N3+Iz3+I'~-N+l [~ N3+123+I~-N+l 

N 3 + I e 3 + t z - N + l  N3+I23+I , z -N+l  

(a +/3) N3+123 +~-N+I 

N3+ 123+i/. - N +  1 

t (in case N 3 + 1 2 3 + t z - N # - 1 )  or--respectively-- 

In (c~ + f l ) - l n  r 

(in case N3+ 123 +/a , -N = -1)  

+ E (--'Y) N3+t23+~-~'-j N3 I23 N3-t-[e3-t-tx-~. 
j=o I 

_ ( N 3 - 1 2 3 - X ) ( N 3 - 1 2 3 + . t ~ - v - 1 ) )  
v ] 

\ I z / 

v + j - N + l  u + j - N + l  
(in case v + j -  N # - 1) or--respectively-- 

In (o~ +]3 + y ) - l n  (]3 + y) 

(in case v + j - N = - I )  

.t-Ot21a2+l . [~N~-tt2-.~-l . (N l - - l l2 - -1 )  (Ot+[~ W ]l)~'+J-N+l 
\ ~ / v + j - N + I  
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Integrals of four Legendre functions 

We have  to solve integrals 

f l Pl~lPItulp~lPl,~l (cos O) d cos 0 
-1 

where  the sum of the uppe r  indices, t + u + v + w, is zero.  (The sum of the lower  
indices must  be even in this case; o therwise  the in tegrand would b e c o m e  ant isym- 
metric.)  

The  fol lowing deduct ions  are made  for integrals of arbi t rar i ly  m a n y  Legendre  
funct ions with zero sum of the uppe r  indices. We m a y  write such an integral  as 

= p ~ .  . . . .  p ~ .  pl~J . . . . .  p~:l (x) dx 
-1 

- x J_  (1 --X2) (zui+~-lvfl)/2 d~'+"' 
m l [ " " "  n,,! 1 "dxml+uI ( X g - - l ) m '  . . . .  

�9 dx,,o+l~ i (X 2-1) "~ dx 

w h e r e  t h e  u~ are  p o s i t i v e  (o r  z e r o ) ,  t h e  v~ n e g a t i v e  (or  z e r o ) .  T h e  s u m  of  t h e  u~ 
is equal  to the sum of the Iv~ I. Thus 

(1 - x2) (~u'+y'lv]l)/2 = (1 - x2) ~" = (1 - x2)  y~lv]] 

and by the relat ion (see [12]) 

dnJ+lDI dnj-lDI 
(1 - x2)15 t. dxS+l~,l (x 2-1)", = (n i + Ivjl; - 1 ;  2lvj[) �9 dx,,_151 ( / 2  1)5 

we may  use the ( 1 -  x2) ~l~ up to  t r ans fo rm the integral  into 

2-Zm~-gnj 
7 g ' - - -  �9 ( n ~ + l v l [ ; - 1 '  21thD . . . . .  (n, ,+l t2v];-1" 2[v,,I) ( , )  

m a ! .  �9 �9 n,,! ' ' 

f l dmt+ul din+% 
x (x z -  1)"' (x z -  1) m 

-I dxml+ul dx ''*+% 

d-i-I~11 d-.-I%J 
dx,h_l~ d (x 2 - 1 )  n~ dx._l~l (x 2 -  1) "~ dx. 

In tegra t ion  of this po lynomia l  gives 

~ =  (nl + lvd ; -1 ;  21vii) . . . . .  (m + lvd ; -1 ;  2fv.I) 
2 zm~+z"j �9 ml! . . . . .  n~! 

[(m,~Q/2] [(m.~,.)/2][(na+~lD/2 ] [ ( % + i n  l ) /2  ] 
X . . . . . .  

il =0 it. =0 ]1 =0 j~ =0 

X( imt 1) . . . . .  (m'u/(hi  / . . . . .  (nv / 
\ i . / \ J l l  j~/ 

( _ l ) q  .... % 
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x ( 2 m l - 2 i l ;  - 1 ;  ml + ul) . . . . .  ( 2 m ,  - 2 i , ;  - 1 ;  m~, + u~,) 

• ( 2 n 1 - 2 j l ; - 1 ;  n l - l v l l )  . . . . .  ( 2 n ~ - 2 j ~ ; - 1 ; n ~ - l v ~ l )  

2 
x 

m~ + . . . + n ~ - 2 i ~  . . . . .  2j~+1 

( n l -  v,; - 1 ;  21v11) . . . . .  (n~ - v~; - 1 ;  2lv~l) 
= 2  2 ~m'+~"~ " ml! . . . . .  n~] 

k/2 (_1) ~ [,%~.%/23 [,%-%/2] [(.~-~O/z] [ ( . - .p /2]  
x Z  ~.. " "  12 I; " ' "  E 

,,=o k - 2 K  + 1 i~=o ~.=o h=o j~=o 

" ) . ( " t  . . . . .  ( " ) . ( ' )  . . . . .  - i, . . . . .  y~ i2 i. ]1 j. 

x ( 2 m ~ - 2 ~ + 2 i 2 +  " . .  + 2 j . ; - 1 ;  m ~ + u ~ )  

x ( 2 m 2 - 2 i 2 ; - 1 ;  m2+ u=) . . . . .  ( 2 m . - 2 i . ; - 1 ;  m .  + u . )  

x 2 n l - 2 j l ;  - 1 ;  n l +  v~) . . . .  ( 2 n . -  2j.;  - 1 ;  n . +  v.) 

(with k = Y~ m~ + ~  nj); the latter formula has the advantage that the inner loops 
are integer. 

Expression (*) may be used to deduce an extension of Gaunt ' s  triangle rule [13]: 
integrals of the kind treated here are zero if any of the lower indices is greater 
than the sum of the others. 

To prove this, expression (*) is integrated partially integrating up one factor 

dx, ,  _l,,~ I (x 2 - 1 ) %  

The integral functions of this factor are zero for x = + 1; the remaining integral 
is 

2-Em~-Enj 
~ " (n, +lVll; --1; 2tV11) . . . . .  (n~ +IV~t; --1; 21v~l) 

ma[" " �9 n~[ 

j .1 d.~-I~l [ el.,,+., d.~.+% 
X (X 2 -- 1) nk" dXn~_[vk[ (dxmx+U~ (x 2-1)  % (X 2 -  1) m'* 

-1 dxm  '~+ u'* 

d "'->~1 ( omit the ~ d "~-lv-I } 
dx,,_l~l (x 2-1)"' . . . . . . .  \ k t h f a c t o r ]  d x n _ l ~ l  ( x 2 - 1 )  "~ dx. 

This will vanish if the degree of the polynomial in braces--which is to be derivated 
(nk  -- Irk t) t imes-- is  less than nk - I vkt- 

The degree of this polynomial is 

~, m i +  Y~ n j - Z  u i +  ~, [vj]. 
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Thus  74/" will vanish if no t  

~,rni+ ~. n j - ~ u i +  ~ Ivjl~n~-lVkl 
i j ~ k  i j # k  

2 rni + Z nj-Zu,+Zlvj[>-nk 
i j ~ k  i j 

Z mi + ~ nj >- n k for any nk. 
i j # k  

(The same may be shown for the m~ if we use the ( l - x 2 )  yu, to t ransform the 

P~, ins tead of the p~jl.) 

In  the present  case, the rule gives an addi t ional  restr ict ion of the possible values 

of 112 and 123, namely,  

112+123>~112-151 and 1112-1231>-12+15. 
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